We use recently developed angulon theory [Phys. Rev. Lett. 114, 203001 (2015)] to study the rotational spectrum of a cyanide molecular anion immersed into Bose-Einstein condensates of rubidium and strontium. Based on ab initio potential energy surfaces, we provide a detailed study of the rotational Lamb shift and many-body-induced fine structure which arise due to dressing of molecular rotation by a field of phonon excitations. We demonstrate that the magnitude of these effects is large enough in order to be observed in modern experiments on cold molecular ions. Furthermore, we introduce a novel method to construct pseudopotentials starting from the ab initio potential energy surfaces, which provides a means to obtain effective coupling constants for low-energy polaron models.
We use recently developed angulon theory [Phys. Rev. Lett. 114, 203001 (2015) ] to study the rotational spectrum of a cyanide molecular anion immersed into Bose-Einstein condensates of rubidium and strontium. Based on ab initio potential energy surfaces, we provide a detailed study of the rotational Lamb shift and many-body-induced fine structure which arise due to dressing of molecular rotation by a field of phonon excitations. We demonstrate that the magnitude of these effects is large enough in order to be observed in modern experiments on cold molecular ions. Furthermore, we introduce a novel method to construct pseudopotentials starting from the ab initio potential energy surfaces, which provides a means to obtain effective coupling constants for low-energy polaron models.
Introduction. Recently, cold molecular ions came about as a versatile platform to study single-, few-, and many-particle quantum processes [1] [2] [3] . As opposed to neutral molecules [3] , the degree of freedom used to manipulate molecular ions -their charge -is effectively decoupled from their internal structure, and therefore even complex species can be trapped and cooled down to millikelvin translational temperatures [1] . Molecular ions can be prepared in a selected rovibrational state by optical pumping [4] [5] [6] or sympathetic cooling of state-selected ions [7] ; they can be trapped for a few hours, with the rotational state lifetimes exceeding 15 min [7] .
The interest to the topic is driven, however, by numerous potential applications, such as quantum information processing [8, 9] , astrochemistry [10, 11] , as well as taming reactive collisions in the quantum regime [12, 13] . Furthermore, trapped and cold molecular ions play a crucial role in precision spectroscopy [14, 15] , as well as tests of fundamental physics, ranging from parity violation effects [16] to search for an electric dipole moment of the electron [17, 18] , and possible time variation of the electron-to-proton mass ratio [19, 20] .
Last but not least, ensembles of interacting ultracold polar molecules and ions are promising candidates to simulate complex many-body states of matter. Such simulations hold a potential to uncover the elusive nature of strongly-correlated quantum systems, such as high-temperature superconductors [21] . Recently, there appeared numerous theoretical proposals on simulating many-particle physics with ultracold molecules [3, [21] [22] [23] , some of which have already been realized in laboratory [24] . Many of such proposals make use of long-range dipole-dipole interactions between particles in a high-density molecular sample.
For neutral molecules, the latter is sometimes challenging to engineer experimentally, partially because of the reactive collisions between the species [3, 25] . For molecular ions, on the other hand, strong dipole-dipole interactions are precluded by large distances between the species in an ion trap [1] .
The above mentioned problem, however, does not arise if one deals with a single molecule (or a very dilute molecular sample) coupled to an atomic Bose-Einstein condensate (BEC) [26] [27] [28] [29] [30] . Recently, it was shown that in such conditions, molecular rotational motion becomes dressed by a field of many-body excitations, giving rise to quasiparticles of a new kind -the 'angulons' [31] [32] [33] . In a way, angulons represent a rotational analogue of polarons [34] [35] [36] [37] [38] , actively studied experimentally in ultracold quantum gases [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] . However, the non-Abelian algebra and discrete energy spectrum associated with quantum rotations makes the angulon physics drastically different compared to any polaron problem, where the translational motion of an impurity is studied.
Here we undertake a detailed quantitative study of the effects predicted in Refs. [31, 32] and show that the latter are within reach in current experiments on cold molecular ions. As a concrete experimental system we consider a single cyanide (CN − ) anion immersed into an atomic BEC of 87 Rb and 84 Sr. We illustrate our technique with molecular anions, since those have been used in the context of hybrid ion-atom setups in order to achieve sympathetic cooling [30] . Furthermore, negative ions have been used to study cold rotationally inelastic [28, 52, 53] and reactive [29, 54, 55] collisions, and are highly relevant for astrochemistry [10, 11] . It is worth noting, however, that the predicted effects are not expected to change substantially, either qualitatively or quantitatively, for the case of positive molecular ions.
The angulon quasiparticle. We start by outlining the basics of the angulon theory which describes a rotating quantum impurity immersed into a weakly-interacting BEC. For simplicity, we consider a linear-rotor molecular ion, however, the theory can be generalized to more complex species. The microscopic Hamiltonian for such a system was derived in Ref. [31] and is given by
where k ≡ dk and ≡ 1. The first term of the Hamiltonian (1) corresponds to the rotational kinetic energy of the linear-rotor, with B the rotational constant andĴ the angular momentum operator. Since we focus on cold molecular ions, we neglect the translational kinetic energy of the impurity. The bare impurity eigenstates (in the absence of an external field) are characterised by the (2j + 1)-fold degenerate levels |j, m with energies E j = Bj(j + 1), where j is the angular momentum quantum number, and m its projection onto the laboratory z-axis. The second term of Eq. (1) represents the kinetic energy of the bosonic bath with Bogoliubov dispersion relation, ω k = ε k (ε k + 2ng bb ), where ε k = k 2 /2m b is the kinetic energy of a free boson of mass m b and n is the particle number density in the BEC. Here g bb = 4πa bb /m b represents the strength of the boson-boson contact interactions and is defined in terms of the scattering length, a bb , between them. The operatorsb † kλµ andb kλµ are the phonon creation and annihilation operators, respectively. They are defined in the angular momentum basis as given by three quantum numbers: the magnitude of the linear momentum k = |k|, the angular momentum, λ, and its projection, µ, onto the z-axis, see Refs. [31] [32] [33] for details.
The last term of the Hamiltonian describes the interaction between the impurity and the bath, where the angular momentum dependent interaction potential in Fourier space is given by:
Here j λ (kr) is the spherical Bessel function. The potential U λ (k) depends on the microscopic details of the two-body interaction between the impurity and the bosons through the functions f λ (r).
In the molecular frame, the axially-symmetric molecule-boson interaction potential can be expanded in terms of Legendre polynomials P λ (cos θ ′ ) as follows
where the f λ (r ′ ) represents the shape of the potential in the respective angular momentum channel λ, r ′ is the distance between the atom and the centre-of-mass of the molecular ion, and θ ′ is the angle between the molecular axis and the axis connecting the atom with the centre-of-mass of the molecular ion. This potential (3) can be readily transformed to the laboratory frame by making use of the Wigner rotation matrices, which results in the third term of Eq. (1) [31] [32] [33] .
In order to reveal the rotational energies of the combined molecule-bath system, we use the following variational ansatz for the many-body quantum state
where |0 is the BEC vacuum state, and Z
1/2
LM and β kλj are the variational parameters. The total angular momentum, L, and its projection, M , represent the conserved quantities of the problem, and this concervation law is built into the variational ansatz by the Clebsch-Gordan coefficient, C LM jm,λµ . In the absence of external fields, the observed phenomena are independent of the M quantum number, which we will omit hereafter. For each value of L, the variational energies, E L , are obtained by minimisation of E = ψ|H|ψ / ψ|ψ subject to the normalisation constraint, Z LM + kλj |β kλj | 2 = 1. Furthermore, in Refs. [31, 33] it has been shown that the variational approach to the angulon problem is equivalent to a diagrammatic one, as given by the following Dyson equation for the angulon Green's function,
− E is the inverse Green's function of a free molecular ion and
is the self energy, which arises due to the interaction between the molecular ion and the BEC. As a result, in addition to the ground-state properties furnished by any variational approach, this technique allows to determine the angulon spectral function:
The angulon spectral function determines not only the quasiparticle properties of the angulon but also allows to extract its entire excitation spectrum and represent the central object of this study. Anion-atom two-body interaction potentials. In this section we provide details on the ab initio calculations of the potential energy surfaces used to evaluate the components f λ (r ′ ) in Eq. (3 
, of the ground-state potential energy surface for CN
with the basis set superposition error corrected by using the counterpoise correction [58] . The N and C atoms are described using the augmented correlation-consistent polarized valence quintuple-ζ quality basis sets (aug-cc-pV5Z) [59] .
The scalar relativistic effects in Rb and Sr atoms are included by employing the small-core relativistic energy-consistent pseudopotentials (ECP) to replace the inner-shells electrons [60] . The Rb and Sr atoms are described using the ECP28MDF pseudopotentials [61, 62] • ). In the ultracold regime, a dominant role in the description of the scattering between impurity and atoms is played by the interaction potential at large intermolecular distances, which can be represented as [66] :
where the leading long-range induction coefficient, C = 2qα atom Θ ion + α atom d 2 ion , are also expressed through the electric properties of monomers: the permanent electric dipole moment of the ion, d ion , the permanent quadrupole moment of the ion, Θ ion , as well as the static electric quadrupole polarizability of the atom, β atom . The leading long-range dispersion coefficients are given by
where α atom/ion (iω) is the dynamic polarizability of the atom/ion at imaginary frequency, and the average polarizability and polarizability anisotropy are given bȳ α = (α + 2α ⊥ )/3 and ∆α = α − α ⊥ . Here, α and α ⊥ are polarizability tensor components parallel and perpendicular to the internuclear axis of the molecular ion.
The static electric dipole and quadrupole polarizabilities of the atoms (α Rb = 319.5 a.u., α Sr = 199.2 a.u., β Rb = 6578 a.u., β Sr = 4551 a.u.) and the permanent electric dipole and quadrupole moments of the molecular ion (d ion = −0.66 a.u., Θ ion = −5.48 a.u.) are calculated using the CCSD(T) and finite field methods. The values of the dynamic polarizability at imaginary frequency for Rb and Sr are taken from Ref. [67] , whereas the value for CN − is obtained using the polarization propagator within the coupled cluster method [68, 69] . Fig. 1 shows the leading Legendre components of the interaction potentials for CN − +Rb and CN − +Sr. We estimate the uncertainty of the obtained interaction potentials to be around 2%, which corresponds to 10 −3 a.u. at the global minimum. The leading long-range isotropic and anisotropic induction and dispersion interaction coefficients are listed in Table I . The long-range interaction potentials computed according to Eq. (8) are used for distances larger than r ′ = 25 a.u. The agreement between the raw ab initio data and the asymptotic expansion is on the order of 1% at r ′ = 25 a.u. It is worth emphasizing that at this level of accuracy one can expect only qualitative results for ultracold collision energies. However, the goal of this Rapid Communication is to demonstrate that the order of magnitude for the predicted phenomena is within experimental reach. Furthermore, in the future the interaction potentials can be corrected using the scattering data from experiment, thereby allowing for a quantitative comparison.
Quantum reflection regularized potentials. In the derivation of the Hamiltonian (1), the impurity-boson r (a.u.)
!"
#"" #$" #%" #&" interaction terms which are bilinear in bosonic operators have been neglected. In the absence of resonant scattering [70] , such terms are irrelevant to describe many-particle physics as they do not scale with the macroscopically large BEC density n [71] . However, they are crucial for the correct description of the underlying two-body scattering physics [70, 72] . As a consequence, when studying Eq. (1) the interaction potentials f λ (r) have to be properly regularized. Here we introduce a regularization scheme which is based on a pseudopotential approximation.
In an ultracold gas collisions take place at extremely low scattering energies. Therefore, bosons impinging on the molecular impurity cannot penetrate the short-range part of the interaction potential and are quantum reflected at large distances [73] . The corresponding scattering wave function is largely suppressed at small distances, implying that bosons are never probing the strong interactions at short range, which is not by default included in the reduced Hamiltonian (1) .
Effectively, the suppression of boson density at small distances from the molecular ion can be modelled by introducing a short-distance cutoff in the interaction potentials. In order to determine this cutoff, we solve the scattering problem of an atom interacting with the impurity.
Let us first consider the case of a predominantly s−wave symmetric potential (i.e. only f λ with λ = 0 is nonzero). From the solution of the radial Schrödinger equation we determine the outermost node of the scattering wave function and promote this position to the short distance cutoff r Consequently, when scattering off the impurity they impinge on the molecular ion predominately in their zero-angular momentum state. Since the scattering potential of a molecular ion is not spherically symmetric, it can induce angular momentum changing collisions so that bosons are scattered to finite angular momentum λ as induced by the potential contributions f λ (r). This fact can be used to define a semianalytic method to determine the short-distance cutoff r (λ) c for each λ-channel of the potential, f λ (r), separately. For the many-body problem of BEC atoms the most relevant scattering process is bosons which scattered from angular momentum zero to finite λ. Consequently, the outgoing atoms will be subject to the associated centrifugal barrier and we may determine the short distance cutoff r The procedure is illustrated in Fig. 2 for the case of CN − + 87 Rb with λ = 2. One can see that the magnitude of the radial wavefunction, R λ (r), and therefore the corresponding probability amplitude, |R λ (r)| 2 , is indeed vanishingly small at distances smaller than the position of the last node of the corresponding wavefunction. Introducing short distance cutoffs in a similar way for all λ-channels, the Fourier components of the potential defined in Eq. (2) can be replaced by the renormalized pseudo potentials
which then serve as an input to the calculation of the angulon spectral function. For CN − + 87 Rb and for zero collision energy, the cutoff radii are evaluated to r It is worth mentioning that cutoff dependencies and the related renormalization of interactions poses a well known problem for calculations of the Fröhlich polaron properties in ultracold atomic systems [38] . Since in the limit of isotropic interaction the Hamiltonian (1) reduces to the Fröhlich Hamiltonian, our regularization procedure can be used as a novel way to derive the effective coupling constants for Fröhlich Hamiltonians from ab initio potentials.
Rotational spectrum of CN − ion in 87 Rb and 84 Sr BECs. In this section we employ the ansatz (4) to evaluate the rotational spectrum of CN − in a BEC of 87 Rb and 84 Sr. The rotational constant of the CN − ion is given by B = 2π×56 GHz [74] ; and the scattering lengths for Rb-Rb and Sr-Sr are given by a bb = 99 a.u. [75] , and 123 a.u. [76] , respectively. Next, using the effective interaction potentials and cutoff radii obtained in the previous sections, we calculate the spectral function A L (E), which is shown in Fig. 3 
FIG. 3. (Color online)
The angulon spectral function, AL(E), for CN − in a BEC of 87 Rb, plotted as a function of the BEC density, n, on the logarithmic scale, and energy E −BL(L+1). Only the three lowest angulon states corresponding to total angular momenta, L = 0, 1, 2, are shown. The lines were artificially broadened for better visibility. 84 Sr is quite similar to Fig. 3 , and is therefore not shown. In the density plot of Fig. 3 , the dark shade (i.e. a peak in A L (E)) corresponds to states with large quasiparticle weights and long lifetimes, while broader and lighter peaks correspond to unstable states. Following the notation of Ref. [31] , the levels are labeled as L j,Λ , where L is the total angular momentum of the entire system, which is a good quantum number. The approximately conserved quantities, j and Λ, on the other hand, give the value of angular momentum in the impurity and the bath, respectively. The angulon spectrum reveals two salient features arising due to the spherically-symmetric part of the molecule-BEC interaction. First is the "polaron shift": a uniform decrease in energy of all the angulon states with increasing density n. Second is the "many-body induced fine structure of first kind", previously discussed in Refs. [31, 33] .
There, the spherically-symmetric part of the ion-atom interaction leads to the creation of spherically symmetric (λ = 0) phonons, and the corresponding metastable excitation on top of the stable angulon state, see Fig. 3 .
The most interesting contribution, however, is the one arising due to the anisotropic molecule-BEC interactions leading to the striking angulon quasiparticle effects such as the rotational Lamb shift which is the rotational analog of a polaron effective mass and has a similar origin as the recently observed vibrational analog of the Lamb shift [77] . In order to quantify such a contribution, we evaluate the differential rotational Lamb shifts, as defined by ∆ The latter represents a difference in the self-energy acquired by different angular momentum states due to their interactions with a field of phonons in the BEC. The density dependence of the Lamb shifts is shown in Fig.  4 Conclusions. We have shown that previously predicted physics of a rotating impurity interacting in a many-body bath [31] [32] [33] can be studied in modern experiments on cold molecular ions immersed in a BEC. In particular, the rotational Lamb shifts arising due to the angular-momentum-dependent interactions between the molecular ion and the BEC were evaluated to be on the order of a few kHz; the predicted effects are not expected to change substantially for the case of positive molecular ions. While the present theory does not include micromotion, which takes place in Paul traps [78] , the latter can be accounted for by incorporating an additional, translational degree of freedom for the impurity into our theory. In addition, including translational degrees of freedom will pave the way to studying rotationally inelastic collisions of molecular ions with a Bose-Einstein condensate [79] . Furthermore, the technique adopted here to determine the cut-off for potential energy surfaces can be used as a new renormalization procedure to obtain effective coupling constants for polaron models from ab initio potentials. Finally we note that so far the formation of angulons has been studied only for bosonic baths with contact interactions in three spatial dimensions. As for translational polarons [40, 80, 81] , we expect the behavior of angulons to change dramatically when interacting with a fermionic bath [82] , as well as with a bath featuring long-range electrostatic [3, 83, 84] or laser-induced [85, 86] interactions, or whose motion is constrained to reduced dimensions [43, 87] .
